Enhanced second harmonic generation and photon drag effect in a doped
  graphene placed on a two-dimensional diffraction grating by Ochiai, Tetsuyuki
Enhanced second harmonic generation and photon drag effect in a doped graphene
placed on a two-dimensional diffraction grating
Tetsuyuki Ochiai
Research Center for Functional Materials, National Institute for Materials Science (NIMS), Tsukuba 305-0044, Japan
(Dated: October 4, 2018)
We theoretically investigate the second harmonic generation and photon drag effect induced by
an incident plane wave to a doped graphene placed on a two-dimensional diffraction grating. The
relevant nonlinear conductivity of the graphene is obtained by a semi-classical treatment with a
phenomenological relaxation. The grating acts not only as a plasmon coupler but also as a disper-
sion modulator of the graphene plasmon. As a result, the second harmonic generation is strongly
enhanced by exciting the graphene plasmon polariton of the first- and/or second-harmonic frequen-
cies. The photon drag effect is also strongly enhanced by the excitation of the plasmon at the
first-harmonic frequency. The direct current induced by the photon drag effect flows both forward
and backward directions to the incident light, depending on the modulated plasmon mode concerned.
I. INTRODUCTION
Graphene is a monolayer of Carbon atoms arranged
in a honeycomb lattice, and exhibits various interesting
physical properties [1]. Its electronic band structure con-
sists of conically touching valence and conduction bands
(called the Dirac cone) at the corners of the first Brillouin
zone. This band structure with the Fermi energy lying
at the contact point (the Dirac point), provides unique
features in various aspects, such as quantum transport
[2, 3], nonlinear optics [4, 5], magnetism [6], spintronics
[7], etc.
Although this “bare” graphene is an interesting object
in physics, chemistry, and engineering, a further applica-
tion of graphene is available by carrier doping or electric
gating. If it is carrier doped or electrically gated, the
Fermi energy shifts from the Dirac point, and there are
free carriers at the Fermi energy, like as in metal. In such
a system, the plasmon, collective excitation of carriers,
plays an important role.
In the doped graphene, the plasmon is typically in the
THz frequency range depending on the amount of the
doping, and has the
√
k dispersion (k being the momen-
tum parallel to the graphene sheet) in the non-retarded
and local-response approximations [8]. Since the
√
k dis-
persion curve in the frequency-momentum space is far
away at large k from the light line with the k-linear dis-
persion, the radiation field of the graphene plasmon is
tightly confined in the graphene sheet. This confinement
results in a strong light-matter interaction in the vicinity
of the graphene, giving rise to various applications in the
context of graphene plasmonics [9].
Without some spatial processing of the graphene, the
plasmon cannot couple to the far-field radiation, because
the dispersion relation of the plasmon is outside the light
cone. Many optical applications arise when the plasmon
couples to the far-field radiation inside the light cone.
The attenuated total reflection [10] and grating coupling
[11] are two typical setups for this purpose.
Here, we focus on the latter coupling, because the grat-
ing acts not only as a plasmon coupler to the far-field
radiation but also as a dispersion modulator of the plas-
mon. In fact, the author showed that the graphene plas-
mon exhibits a plasmonic band-gap structure if the doped
graphene is placed in the vicinity of a two-dimensional
(2D) diffraction grating [12]. The modulated plasmon
dispersion exhibits slow-light effects and enhanced opti-
cal density of states. Since the optical density of states is
the heart of various light-matter interactions via Fermi’s
golden rule, the modulated plasmon dispersion plays ver-
satile roles. Nonlinear optics is not an exception of the
light-matter interactions.
In this paper, we study the enhancement of the second-
harmonic generation (SHG), namely the generation of the
frequency-doubled light, and photon drag effect (PDE),
namely the direct current generation by irradiating light,
as consequences of the second-order optical nonlinear-
ity in the doped graphene placed on a two-dimensional
diffraction grating. Using a semi-classical approach with
a corresponding principle, the second-order optical con-
ductivity is obtained in a concise form. The nonlinear
conductance together with the graphene plasmon modu-
lated by the grating induces both the enhanced SHG and
PDE in the doped graphene on the grating. We evalu-
ate the enhancement factors of these effects relative to
those in the free-standing graphene. We obtain a strong
enhancement of the SHG and PDE if the frequency and
momentum match to the plasmon polariton.
A similar semi-classical approach is employed to inves-
tigate the SHG in modulated graphene (graphene meta-
surfaces) [13, 14]. As for unmodulated graphene, inten-
sive investigation on the SHG and PDE has been carried
out [15–19]. The former neglects dissipation, which is
needed to formulate the PDE even in the clean limit.
Various approaches employed in the latter have difficulty
in applying to modulated graphene structures. There-
fore, our approach provides a convenient way to analyze
both the SHG and PDE in a modulated graphene, in an
equal footing. Besides, in metallic nanostructures such
as metal-coated gratings, surface- or particle-plasmon en-
hanced SHG or PDE have been investigated [20–26]. Our
work can be also regarded as an extension of these works
to the graphene plasmon.
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2This paper is organized as follows. In Sec. II, we de-
rive the second-order optical nonlinearity in the doped
graphene. We then formulate the SHG and PDE in the
doped graphene placed on a diffraction grating in Sec.
III. Numerical results and discussions are given in Sec.
IV. Finally, the conclusion is given in Sec. V.
II. NONLINEAR CONDUCTIVITY OF DOPED
GRAPHENE
Let us consider the nonlinear optical conductivity of
the doped (or gated) graphene via a semi-classical ap-
proach. We employ a classical non-relativistic treatment
of charged particles [26] and translate the results by a
“corresponding principle” for the Dirac spectrum of the
graphene.
Suppose that a carrier of mass m and charge e moves
in the 2D plane under the external radiation field. Its
dynamics is governed by
m
(
d2rα
dt2
+
1
τ
drα
dt
)
= e
(
E(rα, t) +
drα
dt
×B(rα, t)
)
,
(1)
with a phenomenological relaxation time τ . We solve the
equation perturbatively with respect to the external field.
We thus put the carrier position rα = r
(0)
α +r
(1)
α +r
(2)
α +
. . . , being r
(i)
α the i-th order term of the external field.
In the zero-th order, the equation becomes simply as
m
(
d2r
(0)
α
dt2
+
1
τ
dr
(0)
α
dt
)
= 0, (2)
resulting in
r(0)α = r0 + v0τ(1− e−
t
τ ). (3)
Since the initial velocity is diversely distributed, we put
r
(0)
α → r0.
In the first order, the equation becomes
m
(
d2r
(1)
α
dt2
+
1
τ
dr
(1)
α
dt
)
= eE(r0, t). (4)
Suppose that the external field is monochromatic with
(angular) frequency ω, then we have
E(r, t) = <[Eω(r)e−iωt], (5)
r(1)α = <[r(1)ω e−iωt], (6)
r(1)ω = −
e
mω(ω + iτ−1)
Eω(r0). (7)
Here, < stands for the real part.
In the second order, the equation becomes
m
(
d2r
(2)
α
dt2
+
1
τ
dr
(2)
α
dt
)
= e
(
r(1)α ·∇E(r, t)|r0 +
dr
(1)
α
dt
×B(r0, t)
)
. (8)
We can show that the velocity has the DC and AC com-
ponents as
dr
(2)
α
dt
= v
(2)
DC + v
(2)
AC(t), (9)
v
(2)
DC =
eτ
2m
<
[
r(1)ω
∗ ·∇Eω(r0) + r(1)ω ∗ ×∇×Eω(r0)
]
,
(10)
v
(2)
AC(t) = <[v(2)2ω e−2iωt], (11)
v
(2)
2ω =
ie
2m(2ω + iτ−1)
×
(
r(1)ω ·∇Eω(r0)− r(1)ω ×∇×Eω(r0)
)
. (12)
The charge and current densities of multi-particle sys-
tems (each particle labeled by α) are expressed as
ρ(r, t) = e
∑
α
δ(r − rα(t)), (13)
j(r, t) = e
∑
α
drα(t)
dt
δ(r − rα(t)), (14)
where r is the coordinate in 2D plane, and δ(r) is the
Dirac’s delta function. We follow the same procedure
of the perturbation with respect to the external field:
ρ = ρ(0)+ρ(1)+ρ(2)+ . . . and j = j(0)+j(1)+j(2)+ . . . .
In the zero-th order, we assume that the macroscopic
distribution is uniform, namely, ρ(0) = ρ0(= en) and
j(0) = 0. In the first order, we have the well-known
Drude form of the local response as
j(1)(r, t) = <[j(1)ω (r)e−iωt], (15)
j(1)ω (r) = σ
(1)
ω Eω(r), (16)
σ(1)ω =
ieρ0
m(ω + iτ−1)
. (17)
In the second order, the current density becomes
j(2)(r, t) = j
(2)
DC(r) + j
(2)
AC(r, t), (18)
[j
(2)
DC(r)]i = −
e2ρ0τ
2m2ω
<
[
1
ω − iτ−1 (E
∗
ω ·∇Eω +E∗ω ×∇×Eω)i
]
+
e2ρ0
2m2ω(ω2 + τ−2)
∂k=[(E∗ω)i(Eω)k], (19)
j
(2)
AC(r, t) = <[j(2)2ω (r)e−2iωt], (20)
[j
(2)
2ω (r)]i = −
ie2ρ0
2m2ω(ω + iτ−1)(2ω + iτ−1)
× (Eω ·∇Eω −Eω ×∇×Eω)i
+
ie2ρ0
2m2ω(ω + iτ−1)2
∂k[(Eω)i(Eω)k], (21)
where = stands for the imaginary part, and repeated in-
dex of k is summed up [k = 1(x) and 2(y)] in accordance
with Einstein’s convention. The DC components gives
rise to the PDE, while the AC components yields the
SHG.
3Besides, the linear conductivity of the doped graphene
obtained from the Dirac spectrum is generally written as
[8]
σ(1)ω =
ie2EF
pih¯2
1
ω + iτ−1
, (22)
where EF is the Fermi energy measured from the Dirac
point, and the interband transition is neglected assuming
a classical regime, h¯ω  EF. This expression is obtained
from Eq. (17) with the following replacement (“corre-
sponding principle”) of carrier density n and mass m in
accordance with the Dirac spectrum:
n→ gsgv
∫
d2k
(2pi)2
θ(kF − k) = k
2
F
pi
, (23)
m→ h¯kF
vF
. (24)
Here, gs(= 2) and gv(= 2) are the degree of spin and
valley degeneracies, respectively, and EF = h¯vFkF being
vF(' c/300) the effective velocity of the Dirac spectrum.
If we apply this principle to the second-order optical
nonlinearity, we obtain
[j
(2)
DC(r)]i = −
e3v2F
2pih¯2
τ
ω
<
[
1
ω − iτ−1 (Eω)
∗
k∂i(Eω)k
]
+
e3v2F
2pih¯2
1
ω(ω2 + τ−2)
∂k=[(Eω)∗i (Eω)k], (25)
[j
(2)
2ω (r)]i =
e3v2F
2piih¯2
1
ω(ω + iτ−1)(2ω + iτ−1)
× [2(Eω)k∂k(Eω)i − (Eω)k∂i(Eω)k]
− e
3v2F
2piih¯2
1
ω(ω + iτ−1)2
∂k [(Eω)i(Eω)k] . (26)
The result is independent of the doping EF, and charac-
terized by the dimensional factor of e3v2F/h¯
2.
In the semi-classical approach via the Boltzmann equa-
tion given in Ref. 13, the Lorentz-force term and dissi-
pation are neglected, resulting in a difference in the AC
nonlinear conductivity from Eq. (26). However, the di-
mensional factor e3v2F/h¯
2 is common between the two
approaches. If we introduce the phenomenological re-
laxation time τ to the Boltzmann equation in a naive
way, the current conservation is no longer fulfilled [27].
Since the dissipation becomes important in the PDE,
the approach fails to explain possible PDE in the doped
graphene under a spatial modulation. Although, our ap-
proach does not include faithfully the Dirac spectrum
and quantum nature of the doped graphene, we suppose
that physics essential in the SHG and PDE of the doped
graphene can be grasped with this approach.
More accurate approaches such as in Refs. 18 and 19
yield complex (in formula) and numerical conductivity.
Therefore, the merging with Maxwell-equation solvers
such as the finite-difference time-domain method and rig-
orous coupled-wave analysis seems to be difficult.
0
d/2
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direct currentGraphene
FIG. 1. Schematic illustration of the system under study.
Doped graphene is placed on a triangular-lattice diffraction
grating composed of circular cylinders. The incident light
is coming from the top of the structure, and the second-
harmonic light and direct current are generated.
III. LIGHT SCATTERING BY DOPED
GRAPHENE ON GRATING
Next, let us consider the light scattering problem of
the graphene-grating system. The system under study
is shown in Fig. 1. The doped graphene is placed on
a two-dimensional diffraction grating, and a plane-wave
light is incident from the top of the structure. The SHG
light and the PDE current are induced.
As predicted in Ref. 12, the linear optical conductivity
of the doped graphene placed on a diffraction grating
exhibits the spatially periodic modulation depending on
the grating geometry, distance between the graphene and
grating, and the Fermi energy. Taking account of the
grating periodicity, the modulated linear conductivity is
expressed as
σ(r;ω) =
∑
g
eig·rσg(ω), (27)
where g is a reciprocal lattice vector of the grating.
In the perturbation viewpoint, the second-harmonic
(SH) wave is generated through the second-order non-
linear current induced in the graphene layer. Suppose
that a plane-wave light of in-plane wave number k and
(angular) frequency ω is incident on the graphene. This
first-harmonic (FH) wave is scattered by the graphene-
grating system, and the nonzero in-plane component of
4the electric field is induced in the graphene. The non-
linear current of Eq. (26) is then induced, and becomes
the source of the SH wave. The radiation field of the SH
wave is obtained by solving the Maxwell equation with
the following boundary condition at the graphene layer:
∆(E2ω)‖ = 0, (28)
∆(H2ω)‖ = [(j2ω)y,−(j2ω)x] , (29)
j2ω(r) = j
(1)
2ω (r) + j
(2)
2ω (r), (30)
where the radiation field of the SH wave is expressed as
F (x, t) = <[F2ω(x)e−2iωt] (F = E,H), (31)
and ∆ is the difference between the fields above and be-
low the graphene layer:
∆F = F (r, zc + δ)− F (r, zc − δ). (32)
with infinitesimal δ. Now, the first term in Eq. (30) is
the linear current given by
j
(1)
2ω (r) = σ(r; 2ω)E2ω(r, zc), (33)
where E2ω(x) is to be determined. The second term in
Eq. (30) is the nonlinear current given by Eq. (26) with
Eω(x) being the solution of the FH wave, induced in
the graphene sheet. The solution can be obtained with
the S-matrix formalism [12]. The nonlinear current is
expressed as
j
(2)
2ω (r) =
∑
g
j(2)g e
i(2k+g)·r, (34)
by the translational invariance.
The SH wave can be expanded as (see Fig. 1)
E2ω(x) =
∑
g
ei(2k+g)·rE2ω(z; g), (35)
E2ω(z; g) =

(t+pgp
u+
g + t
+
sgsg)e
iγug (z−zc) z > zc
(a+pgp
u+
g + a
+
sgsg)e
iγug (z−zc)
+(a−pgp
u−
g + a
−
sgsg)e
−iγug (z−zc) d
2 < z < zc
(t−pgp
l−
g + t
−
sgsg)e
−iγlg(z+ d2 ) z < −d2
,
(36)
where
pu±g = ±
γug
qu
̂(2kg)‖ − |2kg|qu zˆ, sg = ̂(2kg)⊥, (37)
2kg = 2k + g, qu =
2ω
c
√
u, (38)
γug =
√
q2u − |2kg|2, (39)
kˆ‖ =
1
|k| (kx, ky), kˆ⊥ =
1
|k| (−ky, kx). (40)
Using the S-matrix of the diffraction grating at 2ω, the
unknown coefficients t±pg, t
±
sg, a
±
pg, and a
±
sg can be solved
as∑
g′
{
1ˆδgg′ − [S˜+−(−σ3 + S˜+−)−1]gg′ − [σ3(−σ3 + S˜+−)−1]gg′
+
cµ0√
u
σ
(1)
g−g′
 γug′qu (2̂kg)⊥ · (2̂kg′)⊥ −(2̂kg)⊥ · (2̂kg′)‖
γu
g′
γug
(2̂kg)‖ · (2̂kg′)⊥ − quγug (2̂kg)‖ · (2̂kg′)‖

×
(
t+pg′
t+sg′
)
=
cµ0√
u
(
−(2̂kg)‖ · j(2)g
qu
γug
(2̂kg)⊥ · j(2)g
)
, (41)(
a+pg
a+sg
)
=
∑
g′
[S˜+−(−σ3 + S˜+−)−1]gg′
(
t+pg′
t+sg′
)
, (42)
(
a−pg
a−sg
)
=
∑
g′
[(−σ3 + S˜+−)−1]gg′
(
t+pg′
t+sg′
)
, (43)
(
t−pg
t−sg
)
=
∑
g′
[S˜−−]gg′
(
a−pg′
a−sg′
)
. (44)
Here, the S-matrix S˜ is defined by
a+pg
a+sg
t−pg
t−sg
 = ∑
g′
(
(S˜++)gg′ (S˜
+−)gg′
(S˜−+)gg′ (S˜−−)gg′
)
d+pg′
d+sg′
a−pg′
a−sg′
 ,
(45)
being d+p(s)g the coefficient of the incoming wave of the
P(S) polarization from the bottom (substrate), which is
absent in the current setup. Each S˜±± is a 2Ng × 2Ng
matrix with Ng being the number of reciprocal lat-
tice vectors taken into account in the numerical cal-
culation. The S-matrix is available with the rigorous
coupled-wave analysis [28–30]. The intensity of the
SHG light in the specular reflected direction is given by√
|t+pg=0|2 + |t+sg=0|2.
Besides, the direct current of the PDE given by Eq.
(25) is expressed as
j
(2)
DC(r) =
∑
g
j
(2)
DC,ge
ig·r. (46)
We are interested in the average current density of the
PDE per unit cell, which is equal to j
(2)
DC,g=0.
For comparison, we summarize the SHG and PDE in
a free-standing doped graphene. Suppose that a plane-
wave light is incident on the graphene from the top. Its
electric field is given by
E0ω(x) = e
i(k·r−γz)(dpp− + dss), (47)
p± = ±γ
q
kˆ‖ − |k|
q
zˆ, s = kˆ⊥, (48)
q =
ω
c
, γ =
√
q2 − k2. (49)
5The electric field in the transmitted side is expressed as
Eω(x) = e
i(k·r−γz)(tpp− + tss), (50)
tp =
1
1 + γqαeσ˜
(1)
ω
dp, (51)
ts =
1
1 + qγαeσ˜
(1)
ω
ds, (52)
where αe is the fine structure constant and σ˜
(1)
ω is the
normalized conductance defined by σ
(1)
ω = (e2/h)σ˜
(1)
ω .
The optical absorption A is measured by
A = 2
q
γ
αe<[σ˜(1)ω ]
|tp|2 γ
2
q2 + |ts|2
|dp|2 + |ds|2 , (53)
where A = 0 in the clean limit (τ = ∞) and A = 1 for
the perfect absorption.
The source current of the SHG and the direct current
of the PDE in the graphene are given by
j
(2)
2ω (r) = j
(2)
2ω,2ke
2ik·r, (54)
j
(2)
2ω,2k =
e3v2F
2pih¯2
1
ω(ω + iτ−1)
×
(
1
2ω + iτ−1
(2e‖(k · e‖)− ke2‖)−
1
ω + iτ−1
2e‖(k · e‖)
)
,
(55)
j
(2)
DC(r) =
e3v2F
2pih¯2
k
ω(ω2 + τ−2)
|e‖|2, (56)
e‖ = −tp γ
q
kˆ‖ + tskˆ⊥, (57)
according to Eqs. (26) and (25). We should note that
these currents vanish for the normal incidence (k = 0).
The PDE current j
(2)
DC is obviously uniform.
The electric field of the reflected SH wave becomes
E2ω(x) = e
2i(k·r+γz)(t+p p
+ + t+s s), (58)
t+p = −
cµ0
2 + 2γqαeσ˜xx(2ω)
kˆ‖ · j(2)2ω,2k, (59)
t+s = −
cµ0
q
γ
2 + 2 qγαeσ˜xx(2ω)
kˆ⊥ · j(2)2ω,2k. (60)
The SHG intensity in the specular reflected direction is
given by
√
|t+p |2 + |t+s |2.
IV. NUMERICAL RESULTS AND
DISCUSSIONS
Let us consider the doped graphene whose Fermi level
lies at EF = 0.4 eV from the Dirac point. The relaxation
time is taken as τ = 0.4 ps estimated from a typical
DC mobility of 104 [cm2/(Vs)] [9]. The grating consists
of the parallel array of identical circular rods arranged
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FIG. 2. Plasmonic band structure of the doped graphene
with EF=0.4 eV placed on a triangular-lattice diffraction grat-
ing with lattice constant a = 1 µm and thickness d = 0.6a,
composed of circular rods with radius 0.3a and dielectric con-
stant a = 12. The background dielectric constant b = 1.
Those of the upper region (air) and lower region (substrate)
are taken to be u = 1 and l = 12, respectively. The dis-
tance between the grating and graphene is 0.01a (zc = 0.31a)
[see Fig. 1]. Dashed and dotted lines are the light lines of
air and substrate, respectively. Solid line (red) stands for the
dispersion line of the incident light, |k| = (ω/c) sin θin with
θin = pi/5, in the ΓM direction. The dissipation is taken to be
zero (τ = ∞) for the well-defined band structure. The inset
shows the first Brillouin zone.
in the triangular lattice with lattice constant a of 1 µm.
The radius, height, and dielectric constant of the rods are
taken to be 0.3a, 0.6a, and 12, respectively. The grating
is supported by semi-infinite high-index substrate of di-
electric constant of 12. The graphene is placed just above
the grating with distance 0.01a. Using the method pre-
sented in Ref. 12, the periodic modulation of the linear
conductivity and plasmonic band structure are obtained.
Figure 2 show the plasmonic band structure of the sys-
tem. The band structure is basically the zone folding
of the plasmon polariton of the free-standing graphene.
However, the presence of the grating and substrate
strongly modulates the plasmon-polariton dispersion,
forming the plasmonic band gap structure. In particular,
the plasmonic band gap is found around ωa/2pic = 0.05.
This value is much smaller than typical photonic band-
gap frequencies of dielectric photonic crystals, which is
typically around ωa/2pic = 0.5 [31].
Before considering the SHG and PDE in the doped
graphene on the grating, we sketch the results of the free-
standing graphene for comparison. Figure 3 shows the
absorption, SHG and PDE spectra of the free-standing
doped graphene under an incident plane-wave light.
The absorption becomes large at small photon ener-
gies, where the linear conductivity of Eq. (22) approaches
to be real, and thus the graphene becomes highly dissi-
pative. We should note that the well-known optical ab-
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FIG. 3. (a) Optical absorption, (b) electric-field intensity√
|t+p |2 + |t+s |2 of the SHG light, and (c) direct current den-
sity j
(2)
DC in the direction parallel to k, of the doped graphene
with EF=0.4 eV, as a function of photon energy of incident
light. The relaxation time of the graphene is taken to be
τ=0.4 ps. Incident angle is fixed to θin = pi/5 (normal in-
cidence corresponds to θin = 0). The electric-field intensity
of the incident light is taken to be 106 [V/m]. Both P- and
S-polarized incident lights are considered. In (b) and (c), the
results of τ = ∞ are also plotted for comparison.
sorption of 2.3% of the graphene [32] emerges above the
interband-transition threshold 2EF, which is far outside
the energy range of Fig. 3.
The SHG spectrum exhibits a peak near the zero en-
ergy, but the position of this peak moves by changing the
incident angle (not shown). The peak thus merely reflects
the absorption peak at zero energy, affected by energy
scale of h¯/τ , which is the unique energy scale other than
EF. Note that we are concerned with the energy range
much below 2EF, otherwise the interband transition is
relevant and the classical approach of the nonlinear con-
ductivity becomes ineffective. Besides, the PDE spec-
trum monotonically decreases with increasing frequency.
We also note that even in the clean limit (τ = ∞), the
SHG and PDE spectra of the free-standing graphene do
not change so much.
In this setup, the graphene plasmon is not relevant
to these spectra. The incident light cannot excite the
graphene plasmon, because its dispersion is outside the
light cone and thus frequency and momentum of the in-
cident light can not match with those of the graphene
plasmon. We also note that the SHG and PDE vanish at
the normal incidence, because the nonlinear currents in-
volves the spatial derivative of the electric field in plane.
In the normal incidence, the electric field is uniform in
plane, and thus the nonlinear current vanishes.
If the graphene is put on the grating, the results change
drastically. Figure 4 show the absorption, SHG, and PDE
spectra in the graphene-grating system depicted in Fig.
1. Here, the incident angle is tilted to the ΓM direction
of the triangular-lattice grating.
The absorption spectrum has three marked peaks at
h¯ω =0.059, 0.063, and 0.094 eV, other than the zero-
energy peak found also in Fig. 3 (a). These peaks corre-
spond to the intersection points between the dispersion
line k = (ω/c) sin θin(cosφin, sinφin) of the incident light
and the plasmonic band-stricture curves in Fig. 2. We
should note the intersection points around h¯ω =0.08 and
0.09 eV in Fig. 2 do not emerge in the absorption spec-
tra. The relevant bands are non-degenerate at Γ, so that
they are the so-called uncoupled modes there due to a
symmetry mismatch [33, 34]. Reflecting this uncoupled
nature, the coupling between the incident light and the
plasmon mode is very small at nonzero k. We also note
the photonic band modes are selectively excited by the
polarization of the incident light, because the plasmon
mode in the ΓM axis are classified according to the parity
with respect to the axis. The P- and S-polarized incident
light has the even and odd parities, respectively, so that
the P-polarized incident light, for instance, cannot excite
the odd-parity modes.
The SHG spectrum shown in Fig. 4 (b) exhibits many
peaks. We emphasize here that the difference in the
vertical-axis scale between Fig. 4 (b) and Fig. 3 (b).
At marked peaks of h¯ω = 0.059 and 0.094 eV, the en-
hancement factors relative to the free-standing graphene
are about 470 and 640, respectively. These factors are
independent of the intensity of the incident light, but
increase with increasing relaxation time τ .
Such an enhancement comes from the phase matching
to the graphene plasmon polariton. Many peaks in the
SHG spectrum are due to a two-fold enhancement of the
FH and SH waves. Namely, the enhancement of the SHG
occurs when the phase matching of either the FH and/or
SH wave are met. The incident FH wave yields a large
electric-field intensity in the graphene layer, when inci-
dent light of (ω,k) is phase-matched with the plasmon
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FIG. 4. (a) Optical absorption, (b) electric-field intensity√
|t+p0|2 + |t+s0|2, and (c) spatially averaged direct current
j
(2)
DC,0 in the ΓM direction of the graphene-grating system,
as a function of the photon energy of the incident light. The
incident light is coming from the top of the structure with in-
cident angle θin = pi/5 in the ΓM direction. Relaxation time
τ is taken to be 0.4 ps. Two polarizations of the incident light
are examined.
dispersion. This matching results in large nonlinear cur-
rent of j
(2)
2ω . This is the first enhancement. The second
enhancement comes from the current-induced radiation
of the SH wave. Even if the nonlinear current itself is not
enhanced, the radiation is enhanced when the SH wave
of (2ω, 2k) is phase-matched. By tuning the plasmonic
band structure, it is possible to obtain the double en-
hancement of both the FH and SH waves. A similar two-
fold enhancement is well known in the surface-enhanced
Raman scattering [35].
The PDE spectrum of Fig. 4 (c) again shows the ex-
citation of the graphene plasmon polariton of the FH
wave. Compared to the free-standing graphene, the cur-
rent density is strongly enhanced. At the main peak of
h¯ω = 0.094 eV, the enhancement factor relative to the
free-standing graphene is about 2300. Again, this fac-
tor is independent of the intensity of the incident light,
but increase with increasing τ . By the mirror symmetry
of the grating structure, the average direct current flows
along the ΓM axis. However, its orientation can be both
forward and backward, depending on the plasmon-mode
configuration under consideration. This is not the case
for the free-standing graphene. There, the current den-
sity is always directed to k of the incident light with the
sign-definite coefficient [see Eq. (56)].
To see how the relaxation time affects the SHG and
PDE spectra, we show in Fig. 5, the spectra for ten-
times longer relaxation time (4 ps) of the graphene. Such
a value of τ is available for cleaner sample with high mo-
bility [36]. The spectra become sharper around peak fre-
quencies, while the background spectra do not change so
much. There is a striking contrast between unmodulated
and modulated graphene, regarding this feature. In the
unmodulated graphene, even at τ =∞ (no dissipation),
the SHG and PDE spectra do not change so much from
those at modest τ , as shown in Fig. 3. The enhancement
factor of the SHG and PDE is roughly one-order magni-
tude higher than in the spectra of the modest τ of 0.4
ps.
The field configuration of the graphene plasmon at
h¯ω =0.063 and 0.094 eV, which is responsible to the en-
hanced SHG and PDE, is shown in Fig. 6. The electric
field intensity in the graphene layer is strongly modulated
with a triangular-lattice pattern by the grating. In the
unmodulated graphene, the electric-field intensity is uni-
form. This intensity pattern, however, is not sufficient to
understand the PDE.
As we saw in Figs. 4 (c) and 5 (c), the PDE current
can flow both forward and backward directions to the in-
cident light, depending on the plasmon mode concerned.
The difference in sign of the averaged PDE current is
not related to the electric field intensity |Eω|2 or its spa-
tial derivative (relevant to the the gradient force), but
is related to the scattering force (for a polarizable probe
particle). This property can be understood by reconsid-
ering Eq. (25). By dropping the total derivative term,
which does not contribute to the average current, the
direct current density becomes
[j
(2)
DC(r)]i →
e3v2F
2pih¯2
1
ω(ω2 + τ−2)
=[(Eω)∗k∂i(Eω)k]. (61)
The factor F
(s)
i = =[(Eω)∗k∂i(Eω)k] corresponds to the
scattering force [37–39]. This factor is plotted in Fig.
7. Obviously, the force flows in the opposite directions
between the two modes, resulting in the opposite sign of
the average direct current. In this way, characters of the
PDE are strongly tied to the scattering force.
Finally, we should comment on effects of finite tem-
perature and thickness in the doped graphene. In the
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FIG. 5. Relaxation time dependence in (a) optical absorp-
tion, (b) electric-field intensity
√
|t+p0|2 + |t+s0|2, and (c) spa-
tially averaged direct current j
(2)
DC,0 in the ΓM direction of
the graphene-grating system. The P-polarized incident light
is coming from the top of the structure with incident angle
θin = pi/5 in the ΓM direction.
present paper, we assume zero temperature and infinitely
thin conducting sheet for the graphene. In a real spec-
imen, however, temperature and thickness are finite in
the graphene sheet. These effects are fairly neglected as
follows.
The former property can be implemented by using
the Fermi-distribution function at finite temperature T ,
instead of the step-like distribution at zero tempera-
ture, in the Kubo formula of the optical conductivity.
In the parameter range of interest, this effect merely
causes a small shift in the conductivity as σ
(1)
ω |T 6=0 '
σ
(1)
ω |T=0[1 + 2kBT/EF exp(−EF/kBT )] [40]. At EF =0.4
eV and room temperature, the shift is of order 10−8.
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FIG. 6. Electric-field profile (of the FH wave) in the doped
graphene on the diffraction grating. The incident light is P-
polarized. Photon energy is taken to be (a) 0.063 and (b)
0.094 eV, which correspond to the second and third marked
peaks in Fig. 4 (a).
We can also implement effects of finite thickness by
using a thin conducting film with thickness dgra. The
permittivity of the film should be uniaxial with ↔ =
diag(‖, ‖, ⊥). The in-plane permittivity is ‖ = 1 +
iσ
(1)
ω /(0ωdgra). The out-of-plane permittivity is ⊥ = 1.
Using this model, we can evaluate various spectra includ-
ing the absorption and SHG. The results with dgra =
0.3 to 0.5 nm, which are typical thickness values of the
graphene, are almost the same as those with the infinitely
thin conducting sheet. This is because the length scale
of dgra is much smaller than relevant length scales, par-
ticularly the spatial decay length 1/
√
k2 − (ω/c)2 of the
graphene plasmon polariton.
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FIG. 7. The scattering-force term (Fs)i = =[(Eω)∗k∂i(Eω)k]
in the doped graphene on the diffraction grating. The incident
light is P-polarized. Photon energy is taken to be (a) 0.063
and (b) 0.094 eV, which correspond to the second and third
marked peaks in Fig. 4 (a).
V. CONCLUSION
We have shown theoretically the enhancement of the
SHG and PDE in a doped graphene placed on a two-
dimensional diffraction grating. The relevant second-
order optical conductivity is obtained in a semi-classical
approach with a corresponding principle to the Dirac
spectrum of the graphene. The SHG and PDE are de-
scribed with a generalization of the rigorous coupled-
wave analysis formalism taking account of infinitely thin
electrically conducting layer of the doped graphene. The
results of the SHG and PDE spectra are compared with
those in the free-standing graphene. By exciting the
graphene plasmon modulated by the grating, the en-
hancement factor of the SHG and PDE reaches to 640
and 2300, relative to the free-standing doped graphene,
for the system with a conservatively estimated value of
the relaxation time. Longer relaxation time yields higher
enhancement factor on the tradeoff of narrower resonance
peak of the graphene plasmon. The PDE current can flow
in both the forward and backward directions to the inci-
dent light, and is related to the scattering force for the
plasmon mode concerned. This high enhancement of the
SHG and PDE together with the mode-sensitive direc-
tion of the PDE current opens up a new application of
selective frequency conversion and THz photo-detection
via the modulated graphene.
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